We theoretically investigate the quasiparticle (polaron) properties of an impurity immersing in a Bose-Einstein condensate with equal Rashba and Dresselhaus spin-orbit coupling at zero temperature. In the presence of spin-orbit coupling, all bosons can condense into a single plane-wave state with finite momentum, and the corresponding excitation spectrum shows an intriguing roton minimum. We find that the polaron properties are strongly modified by this roton minimum, where the ground state of attractive polaron acquires a nonzero momentum and anisotropic effective mass. Across the resonance of the interaction between impurity and atoms, the polaron evolves into a tight-binding dimer. We show that the evolution is not smooth when the roton structure of the condensate becomes apparent, and a first-order phase transition from a phonon-induced polaron to a roton-induced polaron is observed at a critical interaction strength.
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A central paradigm of quantum many-body theories is that elementary excitations above a possibly strongly correlated ground state of a quantum system can be approximated by well-defined quasiparticles. In general, the nature and properties of quasiparticles can characterize quantum phases, be predicted by many-body theories and be measured by experiments [1] . Typically, a quantum phase transition between ground states with different types of order manifests itself as qualitative changes in the excitation spectrum, such as the appearance of energy gaps [2] . The quasiparticle excitation spectrum determined by spectral functions in many-body theories, therefore, is a fundamental property of any interacting system [3, 4] . A mobile impurity interacting with a quantum-mechanical medium is one of the most fundamental many-body systems in condensed matter physics [5] . In such a system, the impurity is dressed by coupling to the elementary excitations of the medium and forms a polaron (that is a quasiparticle itself). The concept of polaron has been systematically developed [6] and provides deep insights into quantum many-body physics.
The great flexibility and extraordinary controllability make ultracold atomic gases an excellent platform to study polaron physics [7] . Fermi and Bose polarons, where impurity atoms are immersed respectively in a degenerate Fermi gas [8] [9] [10] [11] [12] and a Bose-Einstein condensate (BEC) [13, 14] , have both been experimentally realized. Ever since then, theoretical studies have been proposed for a wide range of experimentally accessible platforms: Fermi gases [15] [16] [17] [18] [19] [20] , Bose condensates [21] [22] [23] , Fermi superfluids [24, 25] , and long-range interacting systems [26] [27] [28] [29] . In particular, the tunability of interactions between impurities and host atoms via Feshbach resonances has also stimulated a dramatic theoretical improvement, allowing access to the strong-coupling regime at resonance [30] and revealing physics beyond perturbation treatments [31] [32] [33] . It is now well understood that, even in the strong-coupling regime, the properties of polaron can still be determined by modeling the impurity coupling to only a few medium excitations: the particle-hole excitations in the case of Fermi gases and the phonon excitations in Bose condensates. By increasing the interaction further, Fermi and Bose polarons turn into tightly bound dimers consisting of the impurity and a single atom, via firstand second-order phase transitions, respectively. In all cases, either polarons or dimers stay in a ground state with zero center-of-mass momentum.
In this Letter, we report the existence of an exotic Bose polaron induced by roton excitations, which could emerge in superfluid helium [34] , quasi-two-dimensional dipolar BEC [35] , and spin-orbit coupled (SOC) BEC [36] [37] [38] , all having a roton minimum in their excitation spectrum. Unlike the conventional Bose polaron associated with phonon excitations, the roton-induced Bose polaron features a ground state with finite center-ofmass momentum and anisotropic effective mass, and may also experience a first-order phase transition towards the dimer formation. We propose that this intriguing quasiparticle could be readily observed in a weakly interacting 87 Rb Bose gas in the presence of synthetic SOC.
To be specific, we focus here on the Raman-laserinduced SOC with equal Rashba and Dresselhaus weight that has recently been successfully engineered in ultracold quantum gases [39] [40] [41] [42] [43] . At zero temperature T = 0, a weakly interacting BEC with Raman SOC can in principal exhibits three different quantum phases, namely the stripe, plane-wave (PW) and zero-momentum (ZM) phases, depending on the Rabi frequency Ω of the Raman lasers. While very interesting properties, such as the emergence of density modulations in analogy with supersolids [36, [44] [45] [46] [47] [48] , have been predicted in the stripe phase, its experimentally accessible parameter space is narrow in typical BEC systems such as 87 Rb. This makes the observation of supersolid stripes very challenging [49, 50] . Here, we consider polarons in the PW and ZM phases. It is in the PW phase that the Bogoliubov spectrum has a local minimum at a finite quasi-momentum, which is attributed as a roton minimum [37] .
In greater detail, let us write down the Hamiltonian for the Raman SOC BEC with atomic mass m B , H BEC = 
Here, a † qσ (a qσ ) are creation (annihilation) operators of a boson with spin component σ = {↑, ↓} and momentum q, k SO is the SOC strength defined by the recoil energy E SO = k 2 SO /(2m B ), and σ x and σ z are Pauli matrices. For 87 Rb, we take the SU(2)-invariant interaction g σσ ′ = g B ≡ 4πa B /m B , ∀σ,σ' ∈ {↑, ↓}, where a B is the BEC scattering length satisfying 0 < a B n −1/3 ≪ 1 with n being the BEC density.
The mean-field ground state can be found via an ansatz that replaces operators a † qσ and a qσ by complex numbers if and only if q = p 0 , i.e., a † p0↑ = a p0↑ = φ ↑ ≡ √ n cos θ and a † p0↓ = a p0↓ = φ ↓ ≡ − √ n sin θ [37] . Minimizing the total energy with respect to variational parameters p 0 and θ determines the ground-state condensate wave function [φ ↑ , φ ↓ ] and BEC chemical potential µ B for a given Ω. Two different phases are separated by a critical Rabi frequency Ω c = 4E SO [37] : the PW phase for Ω < Ω c where θ = 0.5 sin −1 (Ω/Ω c ) and p 0 = k SO cos 2θê x ; and the ZM phase for Ω ≥ Ω c where θ = π/4 and p 0 = 0. These two phases have distinctive quasiparticle spectra γ (b) q as shown in Fig. 1(a)-(c) for the chosen parameters n = k 3 SO and g B n = 0.5E SO , all of which have upper and lower branches denoted by the superscripts b = {+, −}, respectively. The polaron properties at low energy are mainly determined by the lower branch. As mentioned earlier, in the PW phase the lower branch of Bogoliubov spectra exhibits a roton minimum near p r = p rêx , as shown in Fig. 1(a) . The spectra are calculated by applying Bogoliubov transformations a †
q being the creation and annihilation operators of a Bogoliubov excitation. Following Ref. [11, 51] , we numerically solve the Bogoliubov parameters u
and spectra γ q , to construct the 11-component of the Green function,
where ν n = 2nπk B T are bosonic Matsubara frequencies.
By adding an impurity with mass m I , the total model Hamiltonian then becomes, H = H BEC + H I + V int . Here, the impurity Hamiltonian is simply
is the creation (annihilation) operator of impurity. The interaction between impurity and atoms is described by σ ] −1 = µ IB /2πa σ − k 2µ IB /k 2 , so that strongly-interacting regime beyond perturbation regime can be accessed. From now on, we focus on the case with m I = m B = m 0 , a ↑ = 0 and a ↓ = 0.
Without loss of generality, we assume that the impurity is fermionic, and the bare impurity thermal Green function is given by G (0)
where Ω m = (2m + 1)πk B T are fermionic Matsubara frequencies and K denotes the center-of-mass momentum. We aim to calculate the full Green's function incorporating the interaction with BEC
that determines the spectral function
Here, for a weakly interacting BEC, Σ I (K, iΩ m ) ≈ Tr[n p0 Γ(K, iΩ m )] is the self-energy, and n p0 is a 2 × 2 matrix with matrix elements (n p0 ) σσ ′ = φ σ φ σ ′ .
The vertex function is given by Γ(K, iΩ m )
, where g I is a diagonal matrix with elements g
(I)
σ , and the pair propagator
The explicit expressions for the pair propagator χ(K, iΩ m ) and vertex function Γ(K, iΩ m ) −1 as well as the details of derivations are given in Supplemental Material [52] .
The frequency and (K x , the x-component) momentum dependence of the spectral functions are shown in Fig.  1(d)-(f) for Ω = 2E SO (PW), 4E SO (critical) and 6E SO (ZM) respectively. The spectral function splits into two branches (similar to the polaron spectrum in a conventional BEC). The upper (lower) branch is called a repulsive (attractive) polaron. The repulsive polaron corresponds to a resonance with broad width at high energy. In contrast, the attractive polaron is a well-defined quasiparticle at small momentum and the corresponding spectral function is proportional to a delta function (On the graph, for visibility this δ-peak is given a small artificial width). One can observe that, the polaron spectrum is not symmetric (with respect to K x → −K x ) even in the ZM phase where γ are not symmetric, and the impurity is only interacting with the spin-down component for our choosing parameters (a ↑ = 0). This asymmetry of polaron spectrum leads to a minimum of the attractive polaron energy at a non-zero momentum. In another word, the ground state of Bose polaron in the presence of SOC acquires a finite momentum K * = K * xêx . At resonance a ↓ → ∞, K * is much smaller than the roton minimum momentum p r , implying the formation of the polaron ground state is mostly contributed by phonons (the linear dispersion of Bogoliubov spectrum near origin) instead of rotons (the local minimum near p r ). Nevertheless, Fig. 1(a) shows that the spectral function has a rich and interesting structure near p r , indicating that the roton minimum in the PW phase strongly modifies the excitation spectrum of polaron at resonance.
To understand the role of rotons better, it is instructive to see how the quasiparticle properties of the polaron changes as the impurity-BEC interaction a ↓ is varied. As a ↓ varies across the resonance, an attractive Bose polaron evolves to a tight-binding dimer. Intuitively, if the roton minimum is close enough to zero, we expect that the dimer could be strongly affected by the roton minimum and the polaron spectrum might also be strongly modified. This evolution is shown in Fig. 2 for polarons in the deep PW phase at Ω = E SO . For this Rabi frequency, the lower branch of BEC Bogoliubov dispersion γ (−) q near the roton minimum alongx can be approximated by γ
x + ∆ r , where p r ≈ −1.947k SO , ∆ r ≈ 0.025E SO and m (r) x = 1.041m 0 can be obtained by numerical fitting. In Fig. 2 , we set (k SO a ↓ ) −1 = −1, 0, 0.5 and 1 from top to bottom. The left panels show the frequency and momentum dependency of spectral functions. The polaron can be understood as a modification of free impurity by dressing medium excitations at perturbation region, and hence the spectral function shows only a single branch of resonances near free-particle dispersions indicated by the black solid curve in Fig. 2(a) . We also find that this spectral function acquires a sizable width in regimes above a red dashed threshold curve corresponding to the dispersion of the center-of-mass of a dimer consisting of a roton and an impurity, which along the x-axis is given
x ] + ∆ r . Above this threshold, the polaron scatters off virtual roton-impurity dimers and suffers a finite lifetime. At the unitarity a ↓ → ∞, sharp peaks show up near the roton-impurity dimer center-ofmass dispersions in Fig. 2(b) , and forms an "avoid-cross" at positive intermediate interaction a Fig.  2(c) . At a Fig. 2(d) , the polaron spectrum become two well separated branches. These behaviors are emphasized in Fig. 2(e)-(h) for the spectral function at roton minimum momentum K x = q rêx . Another peculiar feature for the attractive polaron (lower branches) is the formation of a double-well structure in Fig. 2(c) , suggesting that a first-order phase transition is possible in the deep PW phase regime when the Rabi frequency is smaller than a threshold Ω * . Our numerical indicates that Ω * = 1.2E SO for our choosing parameters. The double minimum for attractive polaron at Ω = E SO can be studied qualitatively by examining the polaron energy spectrum given as the pole of the Green function Eq. (3)
We define the attractive polaron ground-state energy E g as the global minimum of E p (K) at momentum K * = K * xê x . In Fig. 3(c) , one can clearly see the global minimum change from the one near the origin (that we called phonon-induced polaron) to the one near p r (roton-induced polaron). The polaron energy E g is not smooth as a function of 1/a ↓ at the point B in Fig.  3(b) , indicating a first-order phase transition between the phonon-induced and roton-induced polaron. This is in comparison with polaron energy for higher Ω > Ω * in Fig. 3(a) , which are continuous and smooth.
We now address other polaron properties near the global minimum K * by approximating the Green function near the pole E p (K * ) to [21] 
where
The effective mass in x-direction m x and the perpendicular direction m ⊥ are given by Z −1 m
, and are in general anisotropic, m x = m ⊥ , as shown in Fig. 4(a) and (b) for Ω/E SO = 1, 2 and 6. We also present the spectral residue Z and center-of-mass momentum K * x in Fig. 4 (c) and (d). All these quantities show discontinuity for the case Ω = E SO , as a result of the first-order transition between roton-induced polaron and dimer. For Ω = 2E SO and 6E SO , instead, they change rather smoothly, following the conventional second-order transition from a phonon-induced polaron to a dimer [21] . The first-order transition found here could be related to the parabolic dispersion of the roton. A similar first-order transition is also observed for Fermi polarons, where the dispersion of medium excitations (i.e., particle-hole excitations) is parabolic. In contrast, the phonon dispersion is linear, leading to a smooth polaron-dimer transition for phonon-induced Bose polarons.
In Fig. 4(a) , the effective mass m x shows a bump near 1/a ↓ ≈ k SO at Ω = 2E SO . This strong deviation of m x from 2m shows that the polaron is a genuine many-body effect. Nevertheless, our numerical calculation indicates that this bump become gradually less significant and disappear for larger Ω but before Ω c (not shown here), sug-gesting that the existence of the bump is not a good indicator of the PW phase of the host medium BEC.
The polaron phenomena studied here is experimentally accessible. We may consider a 87 Rb condensate with scattering length a B = 100a 0 . For a laser-induced SOC, the typical SOC strength is set to be k SO = 2π×10 6 m −1 . Our chosen parameter gn = 0.5E SO then corresponds to a BEC density n ≃ 3 × 10 14 cm −3 . The impurity can be a 87 Rb atom in another hyperfine state that is not coupled by the SOC lasers, and the interaction between the impurity and the SOC BEC can be easily tuned by using Feshbach resonances.
In summary, we have predicted the emergence of an exotic quasiparticle -roton-induced Bose polaron -in a spin-orbit coupled Bose-Einstein condensate, which has a nonzero center-of-mass momentum and anisotropic effective masses, and undergoes a first-order polaronmolecule transition upon varying impurity-atom interaction. These unusual properties may also be examined in dipolar Bose condensate and superfluid helium, when rotons are thermally excited at finite temperature.
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where n −qσ ′ , implying that this part of self-energy is determined by quantum depletion and is negligible when the boson-boson interactions in the host medium are weak. Therefore, to a good approximation we obtain, Σ I (K, iΩ m ) = Tr[n p0 Γ(K, iΩ m )]. (12) 
